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Abstract
The problem of characterising the accuracy of, and disturbance
caused by a joint measurement of position and momentum is investi-
gated. In a previous paper the problem was discussed in the context
of the unbiased measurements considered by Arthurs and Kelly. It
is now shown, that suitably modied versions of these results hold
for a much larger class of simultaneous measurements. The approach
is a development of that adopted by Braginsky and Khalili in the
case of a single measurement of position only. A distinction is made
between the errors of retrodiction and the errors of prediction. Two
error-error relationships and four error-disturbance relationships are
derived, supplementing the Uncertainty Principle usually so-called.
In the general case it is necessary to take into account the range of
the measuring apparatus. Both the ideal case, of an instrument hav-
ing innite range, and the case of a real instrument, for which the
range is nite, are discussed.
11. Introduction
Heisenberg’s [1] formulation of the Uncertainty Principle was one of the key steps
in the development of Quantum Mechanics. Nevertheless, seventy years after the
publication of his original paper, there remain a number of obscurities regarding
its interpretation [2].
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− h j p^ j i2 12 (2)
In his original paper Heisenberg suggested that the quantities x, p appearing
in Eq. (1) may be interpreted as experimental errors, and that the Uncertainty
Principle represents a fundamental constraint on the accuracy achievable in a si-
multaneous measurement of position and momentum. At least, that is what he
has often been taken to have suggested (Heisenberg’s own phraseology is somewhat
ambiguous). In the words of Bohm [3]:
If a measurement of position is made with accuracy x, and if a mea-
surement of momentum is made simultaneously with accuracy p, then
the product of the two errors can never be smaller than a number of
order ~.
Is this is a legitimate interpretation of Eq. (1)? The question has been discussed by
Ballentine [4], Prugovecki [5], Wodkiewicz [6], Hilgevoord and Unk [2], Raymer [7]
and de Muynck et al [8]. The consensus seems to be, that the quantities x, p
dened in Eq. (2) cannot be regarded as experimental errors because they are in-
trinsic properties of the isolated system. An experimental error, by contrast, should
depend, not only on the state of the system, but also on the state of the apparatus,
and the nature of the measurement interaction. Hilgevoord and Unk [2] have
further remarked, that in Heisenberg’s microscope argument, it is only the position
of the particle which is measured. Although it is true that Heisenberg alludes to the
possibility of performing simultaneous measurements of position and momentum,
such measurements form no part of his actual argument.
It follows from all this, that the statement of Bohm’s just quoted cannot be
identied with the Uncertainty Principle usually so-called. Rather, it represents (if
true) an independent physical principle: the Error Principle, as it might be called.
The problem we now face is, that although the Error Principle as stated by
Bohm is intuitively quite plausible, it cannot be regarded as rigorously established.
In order to establish it two things are necessary. In the rst place, we need to dene
precisely what is meant by the accuracy of a simultaneous measurement process.
In the second place, we need to derive a bound on the accuracy, starting from the
fundamental principles of Quantum Mechanics. The problem is of some interest,
in view of the importance that simultaneous measurements now have in the eld of
quantum optics [9, 10, 11, 12].
An approach to the problem which has attracted a good deal of attention over
the years is the one based on positive operator valued measures and the concept of
a \fuzzy" or \stochastic" phase space [5, 8, 13]. This approach has recently been
criticised by Unk [14].
2In a previous paper [15] we adopted a rather dierent approach. We began with
Braginsky and Khalili’s [16] analysis of single measurements of x or p by them-
selves, and extended it to the case of simultaneous measurements. Unfortunately,
the results we obtained only apply to a restricted class of measurement processes
(namely, measurements in which there is no systematic bias). The purpose of the
present paper is to show, that with a slight modication of the denitions, our
results can be extended to a much larger class of measurements.
Our analysis depends on a careful distinction between the retrodictive and pre-
dictive (or determinative and preparative) aspects of a measurement [2, 17]. We
accordingly dene two dierent kinds of error: the errors of retrodiction, eix and
eip, describing the accuracy with which the result of the measurement reflects the
initial state of the system; and the errors of prediction, efx and efp, describing
the accuracy with which the result of the measurement reflects the nal state of
the system. Corresponding to these two kinds of error we derive two inequalities:










Eqs. (3) and (4) jointly comprise a precise statement of the semi-intuitive Error
Principle discussed above.
Following Braginsky and Khalili we also dene two quantities dx, dp describ-














These relationships provide a precise statement of the principle, that a decrease in
the error of the measurement of one observable can only be achieved at the cost of a
corresponding increase in the disturbance of the canonically conjugate observable.
The above relationships, together with Eq. (1), comprise a total of seven inequal-
ities. All of them are needed to capture the full intuitive content of Heisenberg’s
original paper [1].
2. Simultaneous Measurement Processes
We begin by characterising the class of measurement processes which we are
going to discuss.
Consider a system, with state space Hsy, interacting with an apparatus, with
state space Hap. The system is assumed to have one degree of freedom, with
position x^ and momentum p^, satisfying the commutation relationship
[x^; p^] = i~ (6)
The apparatus is assumed to be characterised by two pointer observables ^X (mea-
suring the position of the system) and ^P (measuring the momentum of the system),
together with n other observables y^1; y^2; : : : y^n. These n+ 2 operators constitute a
complete set of commuting observables describing the state of the apparatus. They
also commute with the system observables x^, p^.
It is assumed that the system+apparatus is initially in a product state of the form
j ⊗ api, where j i 2 Hsy is the initial state of the system and japi 2 Hap is the
3intial state of the apparatus. The unitary evolution operator describing the mea-
surement interaction will be denoted U^ . The nal state of the system+apparatus
is U^ j ⊗ api. The probability distribution of the measured values is
 (X; P) =
Z
dxdy1 : : : dyn
〈x; X; P; y1; : : : ; yn U^  ⊗ ap2
In ref. [15] we assumed that the measurement process was unbiased, so that〈
 ⊗ ap
 U^ y^XU^  ⊗ ap = 〈 ⊗ ap U^ yx^U^  ⊗ ap = 〈 ⊗ ap x^  ⊗ ap
and〈
 ⊗ ap
 U^ y^PU^  ⊗ ap = 〈 ⊗ ap U^ yp^U^  ⊗ ap = 〈 ⊗ ap p^  ⊗ ap
We make no such assumption here.
It may also be worth noting that we do not assume the existence of momenta
canonically conjugate to the pointer observables (as is the case in the Arthurs-Kelly
process [9, 12], for example). In particular, we make no assumptions regarding the
spectra of the pointer observables.
3. Definition of the Errors and Disturbances
Let O be any of the Schro¨dinger picture operators x^, p^, ^X, ^P. Let Oi = O
be the corresponding Heisenberg picture operator at the instant the measurement
interaction begins; and let Of = U^
yOU^ be the Heisenberg picture operator at the
instant the interaction nishes. Dene the retrodictive error operators
^Xi = ^Xf − x^i ^Pi = ^Pf − p^i
the predictive error operators
^Xf = ^Xf − x^f ^Pf = ^Pf − p^f
and the disturbance operators
^X = x^f − x^i ^P = p^f − p^i
Let S be the unit sphere in the system state spaceHsy. We then dene the maximal
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 12 (7)










 ^2Pf 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ap 12 (8)










 ^2P 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ap 12 (9)
We discussed the physical interpretation of the rms errors and disturbances in
ref. [15]. The reader may conrm that this discussion carries over in every essential
respect to the present more general context.
4It should be noted that the above denitions dier slightly from those given in
ref. [15]. Previously we did not take the supremum over all initial system states.
This change in the denitions is essential. As we show in the appendix there exist
measurements such that, with a suitable choice of initial state j i,〈
 ⊗ ap
 ^2Xi  ⊗ ap〈 ⊗ ap ^2Pi  ⊗ ap = 0
It is only when one takes the supremum over all states j i that one gets the in-
equalities of Eqs. (3) and (5).
4. Commutators
We have, as an immediate consequence of the denitions,
[^Xf ; ^Pf ] = i~ (10)
The other commutators between the error and disturbance operators give more
diculty. This is because the retrodictive error and disturbance operators mix
Heisenberg picture observables dened at dierent times. It turns out, however,
that it is possible to express every remaining commutator of interest in terms of
commutators between one of the operators ^Xi, ^Pi, ^Xf , ^Pf , ^X, ^P and one of the
operators x^i, p^i. The signicance of this result is that x^i, p^i generate translations



































































5. Error and Error-Disturbance Relationships




For the remaining relationships we have to work a little harder. Let j i be any






be the system phase space displacement operator, and dene


































In view of Eq. (11) we then have〈
 xp ⊗ ap
 [^Xi; ^Pi]  xp ⊗ ap = −i~ (1 +r  v) (14)
where v is the vector
v =
〈
 xp ⊗ ap
 ^Xi  xp ⊗ ap〈
 xp ⊗ ap
 ^Pi  xp ⊗ ap
















































 xp ⊗ ap




































where ds is the line element and n is the outward-pointing unit normal along C.




whenever the left hand side is dened (i.e. whenever it is not of the form 01).













whenever the products are dened.
6. Unbiased Measurements
Suppose that the measurement process is retrodictively unbiased, in the sense
that 〈
 ⊗ ap
 ^Xi  ⊗ ap = 〈 ⊗ ap ^Pi  ⊗ ap = 0
uniformly, for all j i 2 Hsy (but xed japi). Then the vector v appearing on the
right hand side of Eq. (14) is identically zero, and we have〈
 ⊗ ap
 ^2Xi  ⊗ ap 〈 ⊗ ap ^2Pi  ⊗ ap  ~24
uniformly, for all j i 2 Hsy.
6Suppose, in addition, that the measurement is predictively unbiased:〈
 ⊗ ap
 ^Xf  ⊗ ap = 〈 ⊗ ap ^Pf  ⊗ ap = 0
for all j i. Then we have, by a similar argument,〈
 ⊗ ap
 ^2Xi  ⊗ ap 〈 ⊗ ap ^2P  ⊗ ap  ~24〈
 ⊗ ap
 ^2Xf  ⊗ ap 〈 ⊗ ap ^2P  ⊗ ap  ~24〈
 ⊗ ap
 ^2Pi  ⊗ ap 〈 ⊗ ap ^2X  ⊗ ap  ~24〈
 ⊗ ap
 ^2Pf  ⊗ ap 〈 ⊗ ap ^2X  ⊗ ap  ~24
uniformly, for all j i.
These are the results which we proved in ref. [15] by a dierent method.
7. Measurements with a Finite Range
Real measuring instruments are only accurate over a restricted range. For such
an instrument one expects the maximal rms errors dened in Eqs. (7) and (8) to
be innite, or at least very large. This is because the supremum is taken over every
possible initial system state, including those states for which the expected values of
x^ and p^ are far outside the range of the instrument. It follows that the quantities
dened in Eqs. (7) and (8) are poor indicators of the accuracy to be expected when
the instrument is used in the way for which it was designed. In the case of a real
measuring instrument, what interests us is the maximum error to be expected for a
limited class of initial system states|namely, the class on which the instrument was
designed to make measurements. In this section we discuss an alternative denition
of the errors and disturbances which is more appropriate to such a case.
Suppose that the instrument is designed to be accurate for initial system states
j i such that
x0 −
1








x   p  
for xed constants x0, p0, L, P , ,  such that  
~
2 . Let S
0 be the set of
normalised states 2 Hsy which satisfy these conditions. The errors and distur-
bances appropriate for the description of this instrument are obtained by taking






























 ^2P  ⊗ ap 12 (18)






Turning to the retrodictive error relationship, let j i be any normalised state 2 Hsy
such that
h j x^ j i = x0 h j p^ j i = p0
and
x   p  































. Then j xpi 2 S0 for all

































If P 0eix, L
0






One expects this approximate form of the retrodictive error relationship to be valid
in most situations of practical interest. However, it is not always valid (see the
Appendix for a counter example).






















































The purpose of this appendix is to explain why we dened the errors and distur-
bances by taking the supremum over every initial system state, as in Eqs. (7{9), or
a subset of them, as in Eqs. (16{18).
8Suppose that the pointer observable ^X has canonically conjugate momentum









U^ rotates ^X onto x^ and ^X onto p^. We have
^Xi = 0 ^Xf = ^X + x^ ^X = −^X − x^
^Pi = ^P − p^ ^Pf = ^P + ^X ^P = −^X − p^
Since ^Xf = x^i the process eects a perfectly accurate retrodiction of position, and
this is reflected in the fact that eix = 0. On the other hand the momentum
pointer is unaected by the interaction: ^Pf = ^Pi. This means that the process is
not really measuring the momentum at all. We accordingly nd eip = 1. If we




|which is again consistent with the fact, that so far as momentum is concerned,
the process hardly counts as a measurement. Nevertheless, from the fact that〈
 ⊗ ap
 ^2Pi  ⊗ ap = (P)2 + (p)2 + 〈ap ^P ap− 〈  p^  2




can be made arbitrarily















is small for certain choices of initial state. Suppose
one has a (classical) ammeter in which the needle is stuck at the 1 amp position.
Then the meter will, of course, give exactly the right reading if one uses it to
measure a 1 amp current.
References
[1] W. Heisenberg, Z. Phys. 43, 172 (1927); translation in Quantum Theory and Measurement,
edited by J. A. Wheeler and W. H. Zurek (Princeton University Press, Princeton, NJ, 1983).
Also see W. Heisenberg, The Physical Principles of the Quantum Theory, translated by
C. Eckart and F.C. Hoyt (University of Chicago Press, Chicago, 1930; Dover Publications,
New York, 1949).
[2] J. Hilgevoord and J. Unk, in Sixty Two Years of Uncertainty, edited by A. I. Miller (Plenum
Press, New York, 1990).
[3] D. Bohm, Quantum Theory (Prentice Hall, New York, 1951).
[4] L. F. Ballentine, Rev. Mod. Phys. 42, 358 (1970).
[5] E. Prugovecki, Stochastic Quantum Mechanics and Quantum Space-time (Reidel, Dordrecht,
1984), and references therein.
[6] K. Wodkiewicz, Phys. Lett. A 124, 207 (1987).
[7] M. G. Raymer, Am. J. Phys. 62, 986 (1994).
[8] W. M. de Muynck, W. de Baere and H. Martens, Found. Phys. 24, 1589 (1994).
[9] E. Arthurs and J. L. Kelly, Bell Syst. Tech. J. 44, 725 (1965); S. L. Braunstein, C. M. Caves
and G. J. Milburn, Phys. Rev. A 43, 1153 (1991); S. Stenholm, Ann. Phys. (N.Y.) 218, 233
(1992).
[10] E. Arthurs and M. S. Goodman, Phys. Rev. Lett. 60 (1988), 2447.
[11] U. Leonhardt and H. Paul, J. Mod. Opt. 40, 1745 (1993); P. To¨rma, S. Stenholm and I. Jex,
Phys. Rev. A 52, 4812 (1995).
[12] U. Leonhardt, Measuring the Quantum State of Light (Cambridge University Press, Cam-
bridge, 1997).
[13] A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory (North-Holland, Am-
sterdam, 1982); P. Busch and P. J. Lahti, Phys. Rev. D 29, 1634 (1984); H. Martens and
W. M. de Muynck, Found. Phys. 20, 357 (1990), and J. Phys. A 25, 4887 (1992); and
references therein.
[14] J. Unk, Int. J. Theor. Phys. 33, 199 (1994).
9[15] D. M. Appleby, report no. QMW-PH-98-11; xxx.lanl.gov quant-ph/9803046. To appear in
International Journal of Theoretical Physics.
[16] V. B. Braginsky and F. Ya Khalili, Quantum Measurement, edited by K. S. Thorne (Cam-
bridge University Press, Cambridge, 1992).
[17] H. Margenau, Phil. Sci. 25, 23 (1958); E. Prugovecki, Found. Phys. 3, 3 (1973), and J. Math.
Phys. 17, 1673 (1976).
